In this manuscript, An unsteady axisymmetric flow of nonconducting, Newtonian fluid squeezed between two circular plates is studied with slip and no-slip boundaries. Using similarity transformation, the system of nonlinear partial differential equations is reduced to a single fourth order ordinary differential equation. The resulting boundary value problems are solved by optimal homotopy asymptotic method (OHAM) and fourth order explicit Runge-Kutta method (RK4). It is observed that the results obtained from OHAM are in good agreement with numerical results by means of residuals. Furthermore, the effects of various dimensionless parameters on the velocity profiles are investigated graphically.
Introduction
The squeezing of an incompressible viscous fluid between two parallel plates is an essential type of flow that is frequently observed in many hydro dynamical tools and machines. In food industries, squeezing flows have several applications particularly in chemical engineering [1, 2] . Compression and injection molding, polymer processing, and modeling of lubrication system are some practical examples of squeezing flows. The modeling and analysis of squeezing flow has started in nineteenth century and continues to receive significant attention due to its vast applications in biophysical and physical sciences. The initial work in squeezing flows has been done by Stefan [3] , who developed an ad hoc asymptotic solution of Newtonian fluids. An explicit solution of the squeeze flow, considering inertial terms, has been established by Thorpe and Shaw [4] . However, P. S. Gupta and A. S. Gupta [5] proved that the solution set up by [4] fails to satisfy the boundary conditions. Considering fluid inertia effects, Elkouh [6] studied the squeeze film between two plane annuli. Verma [7] and Singh et al. [8] have conducted Numerical solutions of the squeezing flow between parallel plates. Leider and Bird [9] performed theoretical analysis for squeezing flow of power-law fluid between parallel disks.
Analytic solution for the squeezing flow of viscous fluid between two parallel disks with suction or blowing effect has been proposed by Domairry and Aziz [10] . Islam et al. [11] studied Newtonian squeezing fluid flow in a porous medium channel. Ullah et al. [12] discussed the Newtonian fluid flow with slip boundary condition keeping MHD effect into account. Siddiqui et al. [13] investigated the unsteady squeezing flow of viscous fluid with magnetic field. Apart from the mentioned researchers, other prominent scholars have conducted various theoretical and experimental studies of squeezing flows [14] [15] [16] [17] .
The difference between fluid and boundary velocity is proportional to the shear stress at the boundary. The dimension of proportionality constant is length, which is known as slip parameter. In fluids with elastic character, slip condition has great importance [18] . It has many applications in medical sciences, for instance, polishing artificial heart valves [19] . There are various situations in which no-slip boundary condition is inappropriate. Some of these situations include polymeric liquids when the weight of molecule is high, flow on multiple interfaces, fluids containing concerted suspensions, and thin film problems. The general boundary condition which shows the fluid slip at the wall was initially proposed by Navier [20] . Recently, Ebaid [21] studied the effect of magnetic field in Newtonian fluid in an asymmetric channel with wall slip conditions.
Most of scientific incidents are modeled by nonlinear partial or ordinary differential equations. In literature, we have variety of perturbation techniques which can solve nonlinear boundary value problems analytically. But the limitations of these techniques are based on the assumption of small parameters. Detailed review of these methods is given by He [22] . In recent times, the ideas of Homotopy and Perturbation have been combined together. Liao [23] and He [24, 25] have done the primary work in this regard. In series of papers, Marinca with various scholars used OHAM to find the approximate solution of nonlinear differential equations arising in heat transfer, steady flow of a fourth-grade fluid, and thin film flow [26] [27] [28] .
In this work, OHAM is used to analyze an unsteady squeezing fluid flow between two circular nonrotating disks with slip and no-slip boundary conditions. In addition, movement of the circular plates is considered to be symmetric about the axial line and the fluid is considered to be Newtonian, incompressible and viscous. Sections 2 and 3 include the description and mathematical formulation of the problem. Sections 4, 5, and 6 present the basic theory of OHAM and its application in case of no-slip and slip boundaries. Results and discussions are given in Section 7 while conclusions are mentioned in Section 8.
Description of the Problem
The unsteady axisymmetric squeezing flow of incompressible Newtonian fluid with density , viscosity and kinematic viscosity ], squeezed between two circular plates having speed V ( ) is considered. It is assumed that at any time , the distance between two circular plates is 2 ( ). It is also assumed that -axis is the central axis of the channel while -axis is taken normal to it. Plates move symmetrically with respect to the central axis = 0 while the flow is axisymmetric about = 0. The longitudinal and normal velocity components in radial and axial directions are ( , , ) and ( , , ), respectively. The geometrical interpretation of the problem is given in Figure 1. 
Mathematical Formulation
The governing equations of motion are
where
and U is the velocity vector, is the pressure, is the body force, T is the Cauchy stress tensor, A 1 is the Rivlin-Ericksen tensor, and is the coefficient of viscosity. Now we formulate the unsteady two-dimensional flow. Let us assume that
and introduce the vorticity function Ω( , , ) and generalized pressure ℎ( , , ) as
Equations (1) are reduced to
The boundary conditions on ( , , ) and ( , , ) are
where V ( ) = / is the velocity of the plates. The boundary conditions (7) are due to symmetry at = 0 and no-slip at the upper plate when = . If we introduce the dimensionless parameter
Equations (4) and (6) transforms to
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The boundary conditions on and are
After eliminating the generalized pressure between (11) and (12), we obtained
where ∇ 2 is the Laplacian operator. Defining velocity components as [5] 
we see that (10) is identically satisfied and (14) becomes
Here both and are functions of but we consider and constants for similarity solution. Since V = / , Integrate first equation of (17), we get
where and are constants. The plates move away from each other symmetrically with respect to when > 0 and > 0. Also the plates approach to each other and squeezing flow exists with similar velocity profiles when < 0, > 0, and ( ) > 0. From (17) and (18) it follows that = − . Then (16) becomes 
Using (13) and (15) we determine the boundary conditions in case of no-slip and slip at the upper plate as follows: 
Basic Theory of OHAM [26, 29-32]
Let us apply OHAM to the following differential equation:
where represents an independent variable, V( ) is unknown function and ( ) is known function. , ℵ, I are boundary, nonlinear, and linear operators, respectively. According to OHAM, we construct Homotopy Φ( , ):
where ∈ R and ∈ [0, 1] is an embedding parameter, ℎ( ) is a nonlinear auxiliary function for ̸ = 0, ℎ(0) = 0 and Φ( , ) is an unknown function. Clearly, when = 0 and = 1, it holds that Φ( , 0) = V 0 ( ) and Φ( , 1) =Ṽ( ), respectively.
Thus, as varies from 0 to 1, the solution Φ( , )
We choose the auxiliary function ℎ( ) in the form of
where are convergence controlling constants to be determined.
To obtain an approximate solution, we expand Φ( , , ) in a Taylor series about as follows:
Substituting (25) into (23) and equating the coefficients of like powers of , we obtain the following equations. The zeroth-order problem is
First-order problem is
Second-order problem is
4
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The general equations for V ( ) are given by
where the coefficient of in the expansion of
It is noted that the convergence of the series (25) depends upon . For convergence at = 1, the th order approximationṼ is
Substituting (31) in (22) , the expression for residual is
If R = 0, thenṼ will be the exact solution but usually this does not happen in nonlinear problems.
There are various methods to find the optimal values of , = 1, 2, . . .. We apply the method of least square and Galerkin's method in the following manner: In method of least square
Minimizing ( , 1 , 2 , . . . , ), we have
In Galerkin's method, we solve the following system for ( = 1, 2, . . . , ):
To find appropriate ( = 1, 2, . . . , ), we choose and in the domain of the problem. Approximate solution of order is well-determined with these known constants.
Application of OHAM in Case of No-Slip Boundary
Using (19) and (20) various order problems are as follows: Zeroth-order problem
First-order problem
Second-order problem
Third-order problem
Fourth-order problem
By considering fourth-order solution, we havẽ
The residual of the problem is
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We apply Galerkin's method to find constant 1 as follows:
Solving (43) and keeping = 0.1, we get
Using above value of 1 , the approximate solution is 
Application of OHAM in Case of Slip Boundary
Using (19) and (21) different order problems are as follows. Zeroth-order problem
2 ( ) ,
Solving (53) and taking = 0.2 and = 1, we get 
Results and Discussions
In this article we considered the unsteady axisymmetric flow of nonconducting, incompressible Newtonian fluid between two circular plates. The resulting nonlinear boundary value problems are solved with OHAM and fourth-order RungeKutta method using Mathematica 7.0. The effect of Reynolds number on velocity profiles in case of no-slip boundary is shown in Figure 5 . In these profiles we varied as = 0.1, 1, 2, 3 and observed that the normal velocity is increased with the increase of Reynolds number ( Figure 5(a) ). It is also noted that the normal velocity monotonically increases from = 0 to = 1 for fixed positive value of at a given time. Figure 5(b) describes the impact of on the longitudinal velocity in case of no-slip boundary. It is experienced that this component of velocity deceases near the wall but increases near the central axis of the channel. The effect of Reynolds number on velocity profiles in case of slip boundary is depicted in Figure 6 . In these profiles, we fixed slip parameter = 1 and varied Reynolds number as = 0.2, 0.6, 1, 1.5. It is noted that the normal velocity decreases as the Reynolds number increases (Figure 6(a) ). It is also observed that longitudinal velocity decreases near the central axis of the channel but increases near the walls when increases (Figure 6(b) ). Figure 7 demonstrates the effect of slip parameter on the velocity profiles. After fixing Reynolds number = 0.3 we varied as = 0.6, 0.7, 0.8, 1. We find that normal velocity increases as increases. It is also noted that longitudinal velocity decreases near the walls but increases near central axis of the channel. 
Conclusions
In this article, we find the similarity solution for unsteady axisymmetric squeezing flow of incompressible Newtonian fluid between two circular plates. We observed that the similarity solution exists only when distance between the plates varies as ( + ) 1/2 , and squeezing flow occurs when (ii) It has been observed that normal velocity increases monotonically from = 0 to = 1 for fixed positive value of at a given time.
(iii) It has been seen that longitudinal velocity deceases near the walls and increases near the central axis of the channel.
In case of slip at boundary; (i) It has been noted that after fixing slip parameter and varying the Reynolds number , the normal velocity profile decreases with the increase in . Also the longitudinal velocity increases near the walls but decreases near the central axis of the channel.
(ii) It has been examined that for a fixed Reynolds number when we vary slip parameter , the normal velocity increases with the increase in . Also the longitudinal velocity decreases near the walls and increases near the central axis of the channel.
(iii) It has been investigated that Reynolds number and slip parameter have opposite effects on the normal and longitudinal velocity components.
In case of slip versus no-slip boundary;
(i) It has been observed that Reynolds number has opposite behavior on the normal velocity in case of slip and no-slip boundaries.
(ii) It has been also noticed that Reynolds number has opposite effect on the longitudinal velocity near the central axis of the channel, while near the wall longitudinal velocity increases in case of slip boundary and decease in no-slip boundary. This is in conformance to [33] .
